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Depth-based methods for Functional Data Analysis

The concept of depth measure was introduced by Tukey (1975).

Formally, given a datum x ∈ Ω from a distribution P ∈ P(Ω), a is a bounded and
non-negative function

D : Ω× P(Ω) → [0, 1]

(x ,P) 7→ D(x ;P).

It provides a center-outward ordering of points being the deepest point or median,

argmax
x∈P

D(x ,P).

The α-central region is the set of points with depth at least equal to α

CRα(P) = {x ∈ P : D(x ;P) ≥ α}.

Depth-based methods has depth measures as backbones.
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Depth-based methods for Functional Data Analysis

Ω = C([a, b])

X1, . . . ,Xn are n independent realizations of X ∼ P

[a, b]→ R
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Depth Measures for Functional Data Analysis

The first depth was proposed by Fraiman and Muniz (2001).

Other definitions: Cuevas et al. (2007); Cuevas and Fraiman (2009); López-
Pintado and Romo (2009, 2011); Dutta et al. (2011); Mosler and Polyakova (2012);
Mosler (2013); Sguera et al. (2014); López-Pintado et al. (2014); Claeskens et al.
(2014), etc.

Theoretical contributions:
Properties: Nieto-Reyes and Battey (2016) and Nagy et al. (2017).
Characterization problem: Nagy (2019).

In general, two families of functional depths (Nagy et al., 2016)

1 Integrated depth measures

2 Non integrated depth measures
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Integrated Functional Depth Measures

Definition Integrated Functional Depths (IFD).

Given a univariate depth D and a weighting function w : [0, 1]→ [0,∞), with
∫ 1

0 w(t) =
1, the Integrated Functional Depth of a given x with respect to its distribution P is

IFDw (x ,P) =

∫ 1

0
D(x(t),Pt)w(t)dt.

being Pt be the marginal distribution of x(t), Pt(u) = P(x(t) ≤ u).

Fraiman and Muniz Depth (FM), Modified Band Depth (MBD) and the Modified
Half Region Depth (MHRD) are IFD, among others.

Proposition FM depth and MBD are particular cases of the IFDφ.

Being φ : [0, 1]→ [0, 1], IFDs of the form

IFDφ(x ,P) =

∫ 1

0
φ(Pt(x(t))dt,

with φFM(y) = 1−
∣∣∣ 1

2
− y
∣∣∣ and φjMBD(y) = 1− y j − (1− y)j .
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Functional Depth Measures Applications

The concept of depth for FDA has been a backbone for different methodologies.

Visualization (Hyndman and Shang, 2010; Sun and Genton, 2011; Serfling and
Wijesuriya, 2017).

Outlier detection (Febrero-Bande et al., 2008; Ieva and Paganoni, 2013; Arribas-Gil
and Romo, 2014; Narisetty and Nair, 2015; Nagy et al., 2017).

Classification (López-Pintado and Romo, 2006; Cuevas et al., 2007; Cuesta-Albertos
and Nieto-Reyes, 2008; Sguera et al., 2014; Hubert et al., 2017; Cuesta-Albertos
et al., 2017).

Populations comparison (López-Pintado and Romo, 2009; López-Pintado et al.,
2010; Nicholas et al., 2015).

Clustering (Singh et al., 2016; Tupper et al., 2017).
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Classification (López-Pintado and Romo, 2006; Cuevas et al., 2007; Cuesta-Albertos
and Nieto-Reyes, 2008; Sguera et al., 2014; Hubert et al., 2017; Cuesta-Albertos
et al., 2017).
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Depth Measures for Partially Observed Functional Data

1 Partially Observed Functional Data (POFD)

2 Integrated depth measures for POFD

3 Simulation results

4 Case studies

4.1 Outlier detection for POFD

4.2 Depth-to-Depth classifiers for POFD
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Partially Observed Functional Data (POFD)

Functional Data Analysis
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Partially observability has appeared in...

Medicine (James et al., 2000; James and Hastie, 2001; Sangalli et al., 2009; De-
laigle and Hall, 2013; Kraus, 2015; Delaigle and Hall, 2016; Kraus and Stefanucci,
2019).

Ambulatory blood pressure
Growth curves
Health status of HIV
Evolution of lung function

! Aneurysm

Demography (Hyndman and Ullah, 2007; D’Amato et al., 2011).
! Age-specific mortality

Economics (Kneip and Liebl, 2019; Liebl and Rameseder, 2019; Liebl, 2019).
! Electricity supply

Pre-processing methods (Sangalli et al., 2010; Marron et al., 2015).
Three dimensional arrays reconstruction
Alignment

... hampering the application of many FDA techniques.
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! Age-specific mortality

Economics (Kneip and Liebl, 2019; Liebl and Rameseder, 2019; Liebl, 2019).
! Electricity supply

Pre-processing methods (Sangalli et al., 2010; Marron et al., 2015).
Three dimensional arrays reconstruction
Alignment

... hampering the application of many FDA techniques.



Introduction Functional Depth Measures Depth Measures for POFD Depth-based method for FTS Depth-based method for POFD Conclusions

Partially observability has appeared in...

Medicine (James et al., 2000; James and Hastie, 2001; Sangalli et al., 2009; De-
laigle and Hall, 2013; Kraus, 2015; Delaigle and Hall, 2016; Kraus and Stefanucci,
2019).

Ambulatory blood pressure
Growth curves
Health status of HIV
Evolution of lung function

! Aneurysm

Demography (Hyndman and Ullah, 2007; D’Amato et al., 2011).
! Age-specific mortality

Economics (Kneip and Liebl, 2019; Liebl and Rameseder, 2019; Liebl, 2019).
! Electricity supply

Pre-processing methods (Sangalli et al., 2010; Marron et al., 2015).
Three dimensional arrays reconstruction
Alignment

... hampering the application of many FDA techniques.



Introduction Functional Depth Measures Depth Measures for POFD Depth-based method for FTS Depth-based method for POFD Conclusions

Partially observability has appeared in...

Medicine (James et al., 2000; James and Hastie, 2001; Sangalli et al., 2009; De-
laigle and Hall, 2013; Kraus, 2015; Delaigle and Hall, 2016; Kraus and Stefanucci,
2019).

Ambulatory blood pressure
Growth curves
Health status of HIV
Evolution of lung function

! Aneurysm

Demography (Hyndman and Ullah, 2007; D’Amato et al., 2011).
! Age-specific mortality

Economics (Kneip and Liebl, 2019; Liebl and Rameseder, 2019; Liebl, 2019).
! Electricity supply

Pre-processing methods (Sangalli et al., 2010; Marron et al., 2015).
Three dimensional arrays reconstruction
Alignment

... hampering the application of many FDA techniques.



Introduction Functional Depth Measures Depth Measures for POFD Depth-based method for FTS Depth-based method for POFD Conclusions

Integrated Depth for Partially Observed Functional Data

Definition Partially Observed Integrated Functional Depth (POIFD).

The POIFD of (x ,O) with respect to P × Q is

POIFD((x ,O),P × Q) =

∫
O

D(x(t),Pt)wφ(t|O)dt.

In particular, we consider the following weighting function restricted to O:

wφ(t|O) =
φ(Q(t))∫

O φ(Q(t))dt

being Q(t) = P(O 3 t), and φ a non-decreasing continuous function.
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Integrated Depth for Partially Observed Functional Data

Theorem (POIFD is a IFD, in expectation)

Under the Missing-Completely-At-Random assumption,

E[POIFD((x ,O),P × Q)] = IFDw (x ,P),

with w(t) = E
[
1O(t)wφ(t|O)

]
.

If Q(t) is constant, then w(t) ≡ 1 and the IFD is
∫ 1

0 D(x(t),Pt)dt.

Theorem (Consistency)

If the univariate depth D satisfies the properties, then

lim
n→∞

lim
T→∞

POIFDT ((x ,O),Pn × Qn) = POIFD((x ,O),P × Q) almost surely.
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Simulation Results

Highlights

1 The empirical POIFD agrees with the empirical IFD (unreachable in practise).

2 To compute POIFD is preferable than other alternatives, when there is any.
3 POIFD provides Functional Boxplot, Outliergram and DDplot for POFD, with

outlier unmasking and classification capabilities.
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German Electricity Supply Functions

Kneip, A. and Liebl, D. (2019). On the optimal reconstruction of partially observed functional data. The
Annals of Statistics (forthcoming).

Liebl, D. (2019). Nonparametric testing for differences in electricity prices: The case of the Fukushima nuclear
accident. The Annals of Applied Statistics, 13(2), 1128-1146.
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Aneurisk65 Project

Sangalli, L. M., Secchi, P., Vantini, S., and Veneziani, A. (2009). A case study in exploratory functional data
analysis: Geometrical features of the internal carotid artery. Journal of the American Statistical Association,
104(485):37–48.

Sangalli, L. M., Secchi, P., Vantini, S., and Vitelli, V. (2010). k-mean alignment for curve clustering. Com-
putational Statistics & Data Analysis, 54(5):1219–1233

Kraus, D. and Stefanucci, M. (2019). Classification of functional fragments by regularized linear classifiers
with domain selection. Biometrika, 106(1):161–180.
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Aneurisk65 Project

Classification of Upper and Lower patients

Multivariate functional POFD (MBD) measure (Ieva and Paganoni, 2013).

Weighting function φ is a continuous approximation to qH(q − q∗), being H the
Heaviside step function and q∗ a small nonnegative threshold.

L1er = 0.138
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Functional Data Analysis

Depth Measures for Functional 
Data

(Chapter 2)

Visualization

Outliers Detection

Classification

Forecasting

(Chapter 4)

Depth Measures for Partially 
Observed Functional Data

(Chapter 3)

Visualization

Outliers Detection

Classification

Reconstruction

(Chapter 5)

Eĺıas, A. and Jiménez, R. (2017). Prediction Bands for Functional Data Based on Depth Measures. Universidad
Carlos III de Madrid, Departamento de Estad́ıstica.

Eĺıas, A. and Jiménez, R. (2018). A Depth-based Method for Functional Time Series Forecasting.
arXiv:1806.11032.
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Depth-based method for Functional Time Series Forecasting

1 Functional Time Series Forecasting

2 Depth-based forecasting method

3 Simulation results

4 Case studies

4.1 Spanish Electricity Demand

4.2 NOx Emission in Plaza España
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About functional time series forecasting

Time series where {yk , k ∈ N} where each yk is a random function t → yk (t),
t ∈ [a, b] (Hörmann and Kokoszka, 2012).

yt+1 = g(yt , ..., y1)

One-step ahead forecasting: Bosq (2000); Antoniadis et al. (2006); Hyndman and
Ullah (2007); Aneiros and Vieu (2008); Hyndman and Booth (2008); Hyndman
and Shang (2009); Aneiros et al. (2011); Aue et al. (2015); Raña et al. (2018).

Dynamic updating: Shang and Hyndman (2011); Shang (2017); Shang et al.
(2018).

Non parametric method based on depth measures and central regions without
imposing any function g().

One-step ahead forecasting and dynamic updating.

Data-driven and interpretable.
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”The future may to some extended be predicted from the behaviour of the past values
that are similar to those of the present”, (Sugihara and May, 1990).
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Sugihara, G. and May, R. M. (1990). Nonlinear forecasting as a way of distinguishing chaos from measurement
error in time series. Nature.
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Focal central region (envelope)

The Focal Central Region (FCR) delimited by Jk is

R(Jk ) =

{
(t, y(t)) : t ∈ Df , min

x∈Jk

x(t) ≤ y(t) ≤ max
x∈Jk

x(t)

}
.

We look for a set J of past focal curves such that:

1 f is deep in J ∪ {f }, the deepest if possible.

2 f is enveloped by J as much as possible.

3 f is surrounded by near curves of J , as many as possible.
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The prediction method

Point forecast

Being Ey the extension of y .

p̂θ =

∑
y∈J wyEy∑
y∈J wy

, with wy = exp(−θ‖y − f ‖2/δ),

δ being the distance scale defined by δ = miny∈J ‖y − f ‖.

Band forecast

ER(Jk ) =

{
(t, y(t)) : t ∈ Dp , min

x∈Jk

Ex(t) ≤ y(t) ≤ max
x∈Jk

Ex(t)

}
.

Parameter selection

θ is selected by minimizing the MSE.

Given a mean coverage, k is selected by minimizing the Winkler Score.
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The prediction method

Figure shows an example of point and band prediction based on 1000 curves from a
simulated FTS. Both one-step ahead forecasting and dynamic updating are illustrated.
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Simulation Results

Highlights

One step-ahead forecast: slightly inferior than FPCF* for Functional Autoregres-
sive Functions.

Competitive for other stationary processes, Periodically Correlated Processes.

Superior for non stationary functional time series.

For the stationary processes considered, the historical mean is competitive in terms
of Mean Squared Error. Non-competitive for non-stationary.

Best performance in short-term predictions.

Conclusions remain for small (200) and large sample sizes (1000).

* Aue, A., Norinho, D., and Hörmann, S. (2015). On the prediction of stationary functional time series. Journal
of the American Statistical Association.
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Spanish Electricity Demand

Demand in megawatts (MW) from January first 2014 to December 31st 2018 each
10 minutes.
Exercise:

Forecasting the whole year 2018, day by day and half days.
Without any preprocessing.

D-BF D-BU0.5
Average FPCF 30 90 365 30 90 365

MAPE 8.86 6.58 2.66 2.60 2.54 1.54 1.54 1.54

10-deepest functions for 29th November and 25th December.
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J (ftuesday/29/11/2016) = {tuesday/26/01/2016, friday/25/11/2016, wednesday/25/11/2015, wednesday/27/01/2016, wednes-

day/02/12/2015, tuesday/25/02/2014, wednesday/17/12/2014, wednesday/15/01/2014, friday/29/01/2016, wednesday/10/02/2016 }.
J (fsunday/25/12/2016)= {thursday/25/12/2014, sunday/02/11/2014, friday/25/12/2015, sunday/01/11/2015,

wednesday/01/01/2014}.
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Spanish Electricity Demand

Daily temporal dependency visualization
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NOx Emissions

Three different forecast horizons for Easter Thursday 2017
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Chapter 5
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Functional Data Analysis

Depth Measures for Functional 
Data

(Chapter 2)

Visualization

Outliers Detection

Classification

Forecasting

(Chapter 4)

Depth Measures for Partially 
Observed Functional Data

(Chapter 3)

Visualization

Outliers Detection

Classification

Reconstruction

(Chapter 5)

Eĺıas, A., Jiménez, R. and Shang, H. (2020). Depth-based reconstruction method for partially observed
functional data, (working process).
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Depth-based Method for partially observed functional data
reconstruction

1. Partially observed functional data reconstruction

2. Depth-based reconstruction method

3. Simulation results

4. Case studies

4.1. Spanish daily maximum temperatures by weather station

4.2. Japanese age-specific mortality by prefecture
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Partially observed functional data reconstruction

The problem of reconstruction

The observed and missing parts of xi are{
(x ,O),

(x ,m) with M = [a, b] \ O.

The goal is to estimate each (x ,m).

The literature about reconstruction

Functional linear ridge regression (Kraus, 2015).

Local Linear Kernel (Kneip and Liebl, 2019).

Why another one?

Covariance estimation issues.
Estimation is not possible if there are not complete functions.
Hard to estimate if the covariance structure is complex or samples are poorly observed.

Fidelity to raw data, no preprocessing or postprocessing.

Kraus, D. (2015). Components and completion of partially observed functional data. Journal of the Royal
Statistical Society: Series B (Statistical Methodology).

Kneip, A. and Liebl, D. (2019). On the optimal reconstruction of partially observed functional data. The
Annals of Statistics.
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Depth-based reconstruction method

Envelope. Chapter 3 + Chapter 4.

Given a curve partially observed curve (xf ,Of ), we look for a set J such that:

1 (xf ,Of ) is deep in J ∪ {f }, the deepest if possible.

2 f and the domain [a, b] is covered by J as much as possible.

3 f is surrounded by near curves of J , as many as possible.

+

Point estimator

X̂i (t) =

∑
j∈Ji (t) wjXj (t)∑

j∈Ji (t) wj
, with wj = exp(−θ‖(Xi ,Oi )− (Xj ,Oj )‖/δ),

δ being the distance scale defined by δ = minj∈Ji
‖(Xi ,Oi )− (Xj ,Oj )‖.

θ∗ = argminE‖(Xi ,Oi )− (X̂i , Ôi )‖2,

with Ôi = ∪j∈Ji
(Mi ∩ Oj ).
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Simulation Results

Highlights

1 The depth-based method seems to be superior with complex covariance structures.

2 The depth-based method gets estimations even without complete functions.

3 The competitors are preferable with smooth functions.
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Spanish daily maximum temperatures by weather station
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Japanese age-specific mortality by prefecture
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Conclusions and further research

CH2 Depth-based methods have appealing results in different context.

Depth measures based on the coefficients of the functions.
Non identically and equally spaced grids.
Characterization problem.

CH3 The POIFD opens the application of depth-based method for functions that are
partially observed.

POIFD for non identically and equally spaced observations.

CH4 We propose new depth-based methods. Particularly, we introduce Forecasting FTS
methods by envelopes and their extensions.

Formalize the envelope.
Depth measures and time dependency.
Explore depth measures and univariate time series.

CH5 The POIFD and the envelopes in conjunction provide a reconstruction depth-based
method.

Distance for partially observed functional data.

CODE https://github.com/aefdz.

https://github.com/aefdz
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Febrero-Bande, M., Galeano, P., and González-Manteiga, W. (2008). Outlier detection in func-
tional data by depth measures, with application to identify abnormal nox levels. Environmetrics,
19(4):331–345.

Fraiman, R. and Muniz, G. (2001). Trimmed means for functional data. Test, 10(2):419–440.
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López-Pintado, S., Sun, Y., Lin, J. K., and Genton, M. G. (2014). Simplicial band depth for
multivariate functional data. Advances in Data Analysis and Classification, 8(3):321–338.

Marron, J. S., Ramsay, J. O., Sangalli, L. M., and Srivastava, A. (2015). Functional data analysis
of amplitude and phase variation. Statistical Science, 30(4):468–484.

Mosler, K. (2013). Depth statistics. In Robustness and complex data structures, pages 17–34.
Springer, Heidelberg.

Mosler, K. and Polyakova, Y. (2012). General notions of depth for functional data. arXiv:1208.1981.

Nagy, S. (2019). Halfspace depth does not characterize probability distributions. Statistical Papers.

Nagy, S., Gijbels, I., and Hlubinka, D. (2017). Depth-based recognition of shape outlying functions.
Journal of Computational and Graphical Statistics, 26(4):883–893.

Nagy, S., Gijbels, I., Omelka, M., and Hlubinka, D. (2016). Integrated depth for functional data:
statistical properties and consistency. ESAIM. Probability and Statistics, 20.

Narisetty, N. N. and Nair, V. N. (2015). Extremal depth for functional data and applications. Journal
of the American Statistical Association, 111(516):1705–1714.

Nicholas, T., Francesca, I., Rachele, B., and Anna, M. P. (2015). Use of depth measure for
multivariate functional data in disease prediction: An application to electrocardiograph signals.
The International Journal of Biostatistics, 11:189–201.



References Backup

References V

Nieto-Reyes, A. and Battey, H. (2016). A topologically valid definition of depth for functional data.
Statistical Science, 31(1):61–79.

Raña, P., Vilar, J., and Aneiros, G. (2018). On the use of functional additive models for electricity
demand and price prediction. IEEE Access, 6:9603–9613.

Sangalli, L. M., Secchi, P., Vantini, S., and Veneziani, A. (2009). A case study in exploratory
functional data analysis: Geometrical features of the internal carotid artery. Journal of the
American Statistical Association, 104(485):37–48.

Sangalli, L. M., Secchi, P., Vantini, S., and Vitelli, V. (2010). k-mean alignment for curve clustering.
Computational Statistics & Data Analysis, 54(5):1219–1233.

Serfling, R. and Wijesuriya, U. (2017). Depth-based nonparametric description of functional data,
with emphasis on use of spatial depth. Computational Statistics & Data Analysis, 105:24–45.

Sguera, C., Galeano, P., and Lillo, R. (2014). Spatial depth-based classification for functional data.
TEST, 23(4):725–750.

Shang, H. L. (2017). Functional time series forecasting with dynamic updating: An application to
intraday particulate matter concentration. Econometrics and Statistics, 1:184–200.

Shang, H. L. and Hyndman, R. J. (2011). Nonparametric time series forecasting with dynamic
updating. Mathematics and Computers in Simulation, 81(7):1310–1324.

Shang, H. L., Yang, Y., and Kearney, F. (2018). Intraday forecasts of a volatility index: functional
time series methods with dynamic updating. Annals of Operations Research.

Singh, S. K., McMillan, H., Bádossy, A., and Fateh, C. (2016). Nonparametric catchment clustering
using the data depth function. Hydrological Sciences Journal, 61(15):2649–2667.

Sun, Y. and Genton, M. G. (2011). Functional boxplots. Journal of Computational & Graphical
Statistics, 20(2):316–334.



References Backup

References VI

Tukey, J. W. (1975). Mathematics and the picturing of data. In Proceedings of the International
Congress of Mathematics (Vancouver, 1974), volume 2, pages 523–531.

Tupper, L. L., Matteson, D. S., Anderson, C. L., and Zephyr, L. (2017). Band depth clustering for
nonstationary time series and wind speed behavior. Technometrics, 60(2):245–254.



References Backup

Visualization and Outlier Detection

Functional Boxplot and Outliergram

−4

0

4

0.00 0.25 0.50 0.75 1.00
t

X
(t

)

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●
●

●

●
●

●

● ●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
● ●

● ●
●● ●

●
●

●

●
●

●
●

● ●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●
●

● ●

●

●

●●

● ●

−0.2

0.0

0.2

0.4

0.00 0.25 0.50 0.75 1.00
MEPI

M
B

D

Sun, Y. and Genton, M. G. (2011). Functional boxplots. Journal of Computational & Graphical Statistics,
20(2):316–334.

Arribas-Gil, A. and Romo, J. (2014). Shape outlier detection and visualization for functional data: the
outliergram. Biostatistics, 15(4):603–619.



References Backup

Visualization and Outlier Detection

Functional Boxplot and Outliergram

−4

0

4

0.00 0.25 0.50 0.75 1.00
t

X
(t

)

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●
●

●

●
●

●

● ●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
● ●

● ●
●● ●

●
●

●

●
●

●
●

● ●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●
●

● ●

●

●

●●

● ●

−0.2

0.0

0.2

0.4

0.00 0.25 0.50 0.75 1.00
MEPI

M
B

D

Sun, Y. and Genton, M. G. (2011). Functional boxplots. Journal of Computational & Graphical Statistics,
20(2):316–334.

Arribas-Gil, A. and Romo, J. (2014). Shape outlier detection and visualization for functional data: the
outliergram. Biostatistics, 15(4):603–619.



References Backup

Visualization and Outlier Detection

Functional Boxplot and Outliergram

−4

0

4

0.00 0.25 0.50 0.75 1.00
t

X
(t

)

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●
●

●

●
●

●

● ●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
● ●

● ●
●● ●

●
●

●

●
●

●
●

● ●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●
●

● ●

●

●

●●

● ●

−0.2

0.0

0.2

0.4

0.00 0.25 0.50 0.75 1.00
MEPI

M
B

D

Sun, Y. and Genton, M. G. (2011). Functional boxplots. Journal of Computational & Graphical Statistics,
20(2):316–334.

Arribas-Gil, A. and Romo, J. (2014). Shape outlier detection and visualization for functional data: the
outliergram. Biostatistics, 15(4):603–619.



References Backup

Populations Comparison and Classification

Depth-to-Depth Plot

Being PG1,PG2 ∈ PC([a,b]) and FD any functional depth,

DDX (PG1,PG2) = {(FD(X ,PG1),FD(X ,PG2)) ∀X ∈ PC([0,1]))}.
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Being PG1,PG2 ∈ PC([a,b]) and FD any functional depth,

DDX (PG1,PG2) = {(FD(X ,PG1),FD(X ,PG2)) ∀X ∈ PC([0,1]))}.
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